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If Pt is renormalized self-intersection local time for planar Brow¬ 
nian motion, we characterize when is finite or infinite in terms 

of the best constant of a Gagliardo-Nirenberg inequality. We prove 
large deviation estimates for Pi and —Pi. We establish limsup and 
liminf laws of the iterated logarithm for Pt as t —> oo. 


1. Introduction. Let fit be the renormalized self-intersection local time 
of a planar Brownian motion Xf. Formally, 

ft fS 


nf ps pb ps 

Pt= / 6o{Xs - Xu)duds-E / 5q{Xs - Xu) duds, 
Jo Jo Jo Jo 


where 6q is the delta function, and more precisely, 

pt pS pt ps 

( 1 . 1 ) A = lini 
£—>0 


pt ps pt ps 

/ / ips{Xs - Xu)duds-E / Lpe{Xs-Xu)duds 

Jo Jo Jo Jo 


where is a suitable approximation to the identity. We have three main 
results in this paper: 


1 . Le Gall [16] showed that there is a critical exponent 7 ^ such that 


( 1 . 2 ) 




< 00 , 
= 00 , 


if 7 <7/3, 
if 7 > 7 / 3 . 


We characterize 7/3 in terms of the best constant of one of the Gagliardo- 
Nirenberg inequalities. 

2. We prove large deviation estimates for /3i and —/3i. 
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3. We prove laws of the iterated logarithm for the limsup and liminf be¬ 
havior of Pt- 

Self-intersection local time has been an object of much study in recent 
years. We cite [3, 5, 12, 13, 15, 16, 18, 19, 20, 22, 23] as an incomplete 
list of publications on this subject. In addition to probability theory, self¬ 
intersection local time has applications to some branches of mathematical 
physics, for example, constructive quantum field theories and polymer mea¬ 
sures. 

The quantity Jq Jq cp^lXs — Xu) duds converges almost surely to inhnity 
as e —> 0 and to get convergence, the expectation of this integral must be 
subtracted. Therefore, exponential integrability of Pi is a subtle issue. In 
1994 Le Gall [16] proved there is a critical value 7/3 such that (1.2) holds. This 
fact has proved to be of considerable interest to the study of constructive 
quantum field theories. See also Theorem 2.23 of [5] for a discussion in the 
context of random walks with continuous time but discrete values. Our first 
main result characterizes 7 , 3 . 

Theorem 1.1. We have 7/3 = A~'^, where A>^ is the best constant in 
the inequality 

(1-3) ||/||4<G^||V/||2v^, 

Inequality (1.3) is one of a class of inequalities known as Gagliardo- 
Nirenberg inequalities. The proof of (1.3) is quite simple. Begin with the 
well-known Sobolev inequality in 

llfflb <ci||V5-||i. 

Replace g by /^, write V/^ as 2/V/ and apply the Cauchy-Schwarz in¬ 
equality to the right-hand side. The best constant in (1.3) appears to be 
a difficult problem, however, and is currently open. The best constant for 
Nash’s inequality, which is another special case of the Gagliardo-Nirenberg 
inequalities, was found by Carlen and Loss [ 6 ]. Two recent articles [9, 10] 
found the best constants for a class of Gagliardo-Nirenberg inequalities. Nu¬ 
merical values for the best constant in (1.3) were investigated as long ago 
as 1983 by Weinstein [21], who solved an eigenvalue problem by numeri¬ 
cal methods and found that A is approximately (vr x 1.86225...)“^/'^. By 
Theorem 1.1, 

7 ^ Ri TT X 1.86225 • • • Ri 5.85043. 

This is very close to a conjecture made by B. Duplantier (private communi¬ 
cation) . 

We could ask an analogous question about the intersection local time of 
two independent planar Brownian motions. There is a critical exponent 7 ^. 
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The critical value in this case was determined in [7] and was found to be the 
same constant A~‘^ with A as above. As a matter of fact, the result given 
in [7] is an important ingredient in the proof of Theorem 1.1 (and Theorem 
1.2 as well). 

As part of our proof of Theorem 1.1, we obtain large deviation estimates 
for /?!. 

Theorem 1.2. We have 

lim - logP(/3i >t) = —A~‘^, 

>oo t 

where A is as in the statement of Theorem 1.1. 

We easily see that Theorem 1.1 is a direct consequence of Theorem 1.2. 
Interestingly, the lower tail of /3i is not exponential, but instead is double 
exponential. 

Theorem 1.3. There exists 0 < L < oo such that 
lim t“^’^logP{—/3i > logt} = —L. 

t^OO 

We also investigate laws of the iterated logarithm for Pf 

Theorem 1.4. We have 

,. Pt 1 

iimsup ——^-= — a.s. 

t^oc t log log t 7/3 

The lim inf behavior is described by the following theorem. 

Theorem 1.5. We have 

, A 1 

iiminl---=- a.s. 

t^oo t log log log t 27r 

Note the triple log in the rate of growth of the lim inf. This is suggested 
by the double exponential tail of —Pt- Compare this also with the result in 
[4] on the law of the iterated logarithm for the range of a random walk on 
T?] the rate of growth there also has a triple log term. For a random walk 
the number of self-intersections is related to the range of the random walk 
up to time n, and Theorem 1.5 may provide some further insight into the 
result in [4]. Theorem 1.5 suggests that the right constant in [4] should be 
related to l/27r; we hope to return to these matters in future research. 

Section 2 contains some basic facts about intersection local time. Theo¬ 
rems 1.1-1.3 are proved in Section 3. Theorem 1.4 is proved in Section 4 and 
Theorem 1.5 is proved in Section 5. 
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In all of the proofs, a key step is the representation of (5 as the normalized 
sum of intersection local times of various pieces of the Brownian path plus 
sums of self-intersection local times; see Proposition 2.2. What makes the 
two-dimensional case much more difficult than the three-dimensional case 
is that in two dimensions these intersection local times of distinct pieces of 
the Brownian path are the dominant term. 


2. Preliminaries. Let us begin with some notation. Let Xt be a planar 
Brownian motion, let Xt be the completion of a{Xs',s < t} and let denote 
the law of X when X is started at x. We use P for P®. The shift operators 
are denoted by 0t as usual. If I is an interval, we write X{I) for the random 
set s e /}. The ball of radius r about x is denoted B{x, r) and the letter 
c with subscripts is used for positive finite constants whose exact value is 
unimportant. 

If X and Y are two independent planar Brownian motions, the intersec¬ 
tion local time can be defined formally by 

a{s,t)=[ [ 6o{Xr-Yu)dudr, 

Jo Jo 

where do is the delta function. To make this rigorous, let be a smooth 
nonnegative function in the Schwartz class which integrates to 1, let ips (x) = 
ip{x/e) (so that ipe is an approximation to the identity) and define 

(2.1) Q;(s,t) = lim [ [ (p^{Xr— Yu) dudr. 

Jo 

On the other hand, self-intersection local time cannot be defined so simply 
because the limit 

lirn / [ (pe{Xr-Xu) 
e^oJo Jo 

does not exist. A procedure called renormalization is needed. The renormal¬ 
ized self-intersection local time of X is formally defined as 

pi ps pi ps 

Pt= / do(A, - Xu) duds-E / do(A, - X„) duds. 

Jo Jo Jo Jo 


To give a rigorous definition, let 

(2.2) A = lirn 
£—>0 


ps pi ps 

/ / ipe{Xs - Xu)duds-E / (ps{Xs - Xu)duds 

Jo Jo Jo Jo 


That the limit exists a.s. and is continuous in t is proved, for instance, in 
[13, 15] and [23]. Sometimes slightly different normalizations are used; they 
differ from ours by at most a constant times t. So there is no difference 
in the critical exponent or laws of the iterated logarithm, no matter which 
normalization is used. 
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If I is an interval, we use B[I) for the renormalized self-intersection for 
the piece of the path X{I). That is, if / = [s,t], then 

(2.3) B{I)=Pt-soes. 

If I and J are two intervals whose interiors are disjoint, let A{I]J) denote 
the intersection local time for the two processes X{I) and X{J). To define 
this more precisely, 

(2.4) A{I;J) = lim [ [ ^^{Xs - Xt) ds dt. 

Remark 2.1. It is immediate by Brownian scaling that a{t, t) is equal in 
law to ta(l, 1) and /3t is equal in law to tPi. Suppose I = [a, b] and J = [b, c]. 
Then A{I;J) measures the intersections of the two independent Brownian 
motions Xi, — Xb^g and Xb+t — Xb, and so A{I] J) is equal in law to a{b — 
a,c — b) with starting point (0,0). 


Proposition 2.2. If I is an interval that is the union of subintervals 
Ij, 1 < J < n, such that the interiors of the Ij are pairwise disjoint, then 

n 

(2.5) B{I) = ^ B{I,) + ^ A{h-,I,) - ^(/,; I,). 

j=l i<j i<j 


Proof. We have 


n 

= E 


iPe{Xt - Xs)dsdt -E [ f ipe{Xt- Xs)dsdt 

'J JS.tsi.s<t 

^e{Xt - Xg) dsdt 


S,t£lj,S<t 


' s,t£l,s<t 

^Pe{Xt — Xg) dsdt — E 


S,t£lj ,s<t 


+ J2 f [ MXt-Xg)dsdt 

-Ve// ipg{Xt-Xg)dsdt. 

I I sGli,tGlj 


We now let e ^ 0. □ 


Although Ea{t,t) is a constant times t, we need a bit more precision. 

Proposition 2.3. Let ^/jg joint law of {Xt,Yt) when Xt is 

started at xq and Yt is started at i/q . Then 

(2.6) E’'^°’^“^a(s,t) < -g t) log(s + t) — slogs — tlogt]. 

271 

IfxQ = yo, then we have equality in (2.6). 
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Proof. We have that is a two-dimensional normal random vector 
with mean xq and covariance matrix that is r times the identity and that 
Yu is a two-dimensional normal random vector with mean yo and covariance 
matrix that is u times the identity; moreover, the two random vectors are 
independent. Therefore, Xr — is a two-dimensional normal random vector 
with mean xq — yo and covariance matrix that is r -|- u times the identity. 
Hence 



Yu) dr du 
1 

27r(r -|- u) 


exp 


z-xo + yo\‘^ \ 

2{r + u) J 


dz drdu. 


Letting s^O and using (2.1), 


Ea(s, t) 


rs nt I 

Jo Jo 27r(r + u)''''P 


-ko -yop \ 

2{r + u) J 


The right-hand side is less than or equal to 

rt 1 


0 Jo 27r{r + u) 


drdu 


drdu. 


with equality when xo = yo- Some routine calculus completes the proof. □ 


Le Gall [16] showed that there exists a value jp such that 


(2.7) 


( = oo, if 7 >7/3. 


In the same article, Le Gall proved that there exists a value 7 q such that 


( 2 . 8 ) 


]Ee7a(Li) 


< oo, 
= oo. 


if 7 < 7a, 
if 7 > 7a- 


He also gave a proof ([16], page 178) of a result by Varadhan [20] that 
(2.9) < oo 


for all 7 > 0. 


3. Large deviation estimates. In [7], the large deviations for intersec¬ 
tion local time of p independent d-dimensional Brownian motions under the 
condition p{d — 2)<d were studied. Taking d = p = 2 in this result. 


(3.1) 


lim - logP{Q:(l, 1) > t} = —H 
t^OO t 


where T > 0 is the best constant in the Gagliardo-Nirenberg inequality 




2 - 
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Let 


M=supl([ \f{x)\'^dx) -\[ |V/(x)pdxj, 

fgFo I \J'«? / J 


/SF2 

where F 2 is the set of absolutely continuous functions on satisfying 
/ \f{x)\^dx = l and / |V/(x)p dx < 00 . 

As a special case of Lemma 8.2 in [7], 

(3.2) M = \A'^. 

In the following result, we claim that f5i satisfies the same large deviation 
principle that a(l, 1 ) does. 


Theorem 3.1. 
(3.3) 

In particular, 


lim - logP{/3i >t} = —A 

>CXD t 




< 00 , i /7 < A 

= 00 , if'y>A~'^. 


Note that this theorem implies 7 ^ = A ^ and is a reformulation of Theo¬ 
rems 1.1 and 1 . 2 . 


Proof. To establish the upper bound, we consider the decomposition 

/3i = A/2 + i?([l/2,1]) + A([0,1/2]; [1/2,1]) - EA([0,1/2]; [1/2,1]). 

Recall that B{[l/2, 1]) and f5i/2 are equal in law to ^/3i, and A([0,1/2]; [1/2,1]) 
is equal in law to |q:( 1,1). Moreover, R([l/2,1]) is independent of /31/2- 
Given e > 0, 

P{/3i > t} < P{a(l, 1) - Ea(l, 1) > (1 - e)t} + P{/3i + /3( > (1 + e)t}, 
where f5[ is an independent copy of /3i. In view of (3.1), 

lim sup - log P{/3i > t} 

t^oo t 

< maxi—(1 — e)A“'^,limsup- logP{/3i + /3i > (1 + e)t}l. 

I t->oo t J 

We now need the simple fact that (1.2) is equivalent to 

limsup jlogP{/3i >t} = - 7 ^. 
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Also notice that 

Eexp{7(/3i + /?;)} = (Eexp{7/3i})2 | ^ 7 > 7 ^! 

So 

limsup j logP{/3i + (5'i>{l+ e)t} = -(1 + 6 ) 7/3 

t^OO t 

and therefore 

limsup - logP{/3i >t}< —(1 — e)A“^. 

t —>00 t 

Letting 6 —> O"'', we obtain 

(3.4) lim sup - log P{/3i > t} < 

t —>00 t 

By scaling we have the upper bound of (3.3). 

By scaling, Theorem 3.1 is equivalent to 

(3.5) lim — logP{/9n > On^} = —0A~^, 9>0. 

n—J'OO 72 

Let 

n—1 

C'„ = ^A([0,A:];[A:,A: + 1]), re = 1,2,.... 

k=l 

Then by Proposition 2.2, 

n 

/3„ = a-Ea + ^/3([A:-l,A:]). 

fc=i 

Notice that {/9([A: — l,fc])} is an i.i.d. sequence with the same distribution 
as /9i. Since the moment generating function of (5i exists in a neighborhood 
of the origin, Cramer’s theorem implies that for any 5 > 0, 

1 f ” 

(3.6) lim — logP< (5{[k — 1, k]) > 5v? 
n^oon 

Also, using Proposition 2.3, a calculation implies 

(3.7) ECn = T^relogre. 

ZTT 

By Theorem 4.2.13 in [11], (3.5) is then equivalent to 

(3.8) lim — logPiCn > 6 *re^} = — 

72—^■OO 72 



0>O. 
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(3.9) 


We now claim that Theorem 3.1 holds provided 

liminf — logEexplACy^} > —-—, 
n^oo 77 , '^4 


A>0. 


Indeed, from the upper bound (3.4), we can improve (3.9) into equality. In 
the case A < 0, we use Jensen’s inequality: 

EexplACy^} > explAECy^} > exp{A(EC'n)^/^} = exp{—0(\/nlogre)}, 

where the last step follows from (3.7). Therefore, we have 

lim — logEexplACy^} ='(/’(A) 


n — >c>o 77 

for any real number A, where 

m = 


AM^ 

4 ’ 

0 , 


A>0, 

A<0. 


By the Gartner-Ellis theorem (Theorem 2.3.6 in [11]), 
lim — \ogW’{C}J‘^ > On} 


n—>oo 


( A^A^l 
= — sup{A0 — = — sup< X6 --— > = — 


AeK 


A>0 I 


4 J 




e>o, 


which is equivalent to (3.8). 

We now prove (3.9). Some of the ideas come from [8]. We start with the 
fact (see, e.g., [17]) that for any measurable, bounded function / on 

lim —logEexpi / f (Xt) dt\ = sup \ [ f(x)g‘^(x)dx — - [ \Vg(x)\‘^dx 
n [Jo J geF 2 2 Jr 2 

For any e > 0, let Pe{x) be the density of and write 

L{t,x,e)= [ p^{Xs — x)ds, 

Jo 

It is easy to see from the semigroup property that 

\ 1/2 

P2£{Xs - Xt)dsdt] 


0<s<t<n 


\ 1/2 
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for any measurable / on with 


where 


Therefore, 


/ f{x)dx = l, 

JR 2 

fe{x)= f{x-y)pe{y)dy. 
JR 2 


liminf — logEexp|Af // p2£(Xs — Xt) dsdt\ I 

n I \J Jo<s<t<n ) J 

>sup{^f feix)g‘^ix)dx-]- [ \Vg{x)\‘^dx\ 
g&2 I V 2 Jm? 2 Jk2 j 

= sup|^/ fix)( [ g‘^{x-y)peiy)dy^dx-^ [ \Vg{x)\‘^ dx\. 
ge¥2 IV 2 JR2 V,/R2 y 2 Jr2 j 

Taking the supremum over / with ||/||2 = 1 and using the fact that the dual 
of is gives 

liminf — logEexp|A f / / p2eiXs — Xt) ds dt\ 

n { Jo<s<t<n J 


(3.10) > sup IA f ff g‘^{x-y)pe{y)dy] dx 

3 eF 21 V 2 [jR^ vyR 2 y J 

-If \Xg{x)\‘^dx 


for any A > 0. 

On the other hand, write 


6 (e) = 


and 


{k—l<s<t<k} 


n—1 


P2eiXs - Xt)dsdt, A; = 1,2,..., 


Dn= [j[0,k) X {k,k + 1], n = l,2,.... 
k=l 

Then {^fe(e)}fc>i is an i.i.d. sequence and 


P2e{Xs- Xt)dsdt= [[ p2e{Xs - Xt)dsdt + '^^k{£)- 

{0<s<t<n} J JDn 

Let p,q> 1 be such that p~^ + q~^ = 1. By the triangle inequality and 
Holder’s inequality, 


Eexp<!p ^A 


{0<s<t<n} 


\ 1/2 

P2e{Xs -Xt)dsdt] 
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< 


EexpjA^y^ P2e{Xs- Xt)dsdi^ 


Eexp|gp 


.k=l ) 


y/ 2 '|-|l/p 

\ 1/2'll 1/9 


It is easy to see from standard large deviation theory that 


lim — logEexpi 

n—>oo n I 

Therefore, by (3.10) we have 




\ 1 / 2 ' 


= 0 . 


liminf — logEexp|A P2e{Xs — Xt) dsdt^ | 


> p sup 


p ^A 


geF 21 v 2 


1/2 


[ ([ -y)Pe{y)dy] dx 

Jm? \Jm? J 

-R / \Xg{x)\^dx 


Letting p —> 1+ gives 

liminf — logEexp|A^y J p 2 eiXs — Xt) ds dt^ 


y/2 

(3.11) ^supl-^f/ ([ {x - y)pe{y) dy) dx 

g &2 I V 2 \J ^2 J J 

\Xg{x)\^ dx 


-k. 

For any m > 0, let /c > 0 be the integer such that 2k <m < 2{k + 1). By 
Lemma 3.4, 

E(C'^™+2)/2) > ]^(jk+l-]^{m+2)/{2{k+l)) 

^ fc-hl-i {m+2)/{2{k+l)) 


> 


> 


E 


E 


[[ P2e{Xs - Xt)dsdt] 
J Jd„ j 

[[ P2e{Xs - Xt)dsdt 
J J Dn 


m/2- 


{m-\-2)/m 


As oo, it is clear that Cn oo. Using Lemma 3.4, we can also see that 
there is a > 0 and eo > 0 such that 


E 


/ f f \ m/2 

yj P2e{Xs - Xt)dsdtj >1, m = 0,l,... 
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m/2 


if n > and e < eo • Hence 

E(^(m+ 2 )/ 2 ) >e( f f p^,{Xs - Xt) ds dt 
\J JDn 

Using the Taylor series expansion for for each 0 < <5 < A, 


\ 1/2 


]E(C'„exp((A - (^)C'y^)) > Eexp|(A P 2 e{Xs - Xt)dsdt^ 

By the fact that for sufficiently large x > 0 and in view of 

(3.11) (with A replaced by A — 5), the above estimate implies 


liminf — logEexplACy^} 

71^00 Jl 


> 


f ( f -y)Pe{y)dy\ dx 
g&2 I V 2 LJK2 V Jk2 J 

Letting e ^ O"'' on the right-hand side gives 
1 


-|i /2 1 

~ 2 


\Vg{x)\'^ dx 


lim inf — logEexplACy^} 
n—^oo fl 


> 


(3.12) 


sup|^--^( / \g{x)\^dx^ 

ge¥2 I V2 \Jr^ j 


g&2 

{\-5f 


sup 

f&2 


|/(x)|'‘dxj 


^1/2 1 r 

2 Jm.2 
\ 1/2 1 


\Vg{x)\‘^ dx 
[ \Vf{x)\^dx 


(A-5)2^4 


for any 0 < <5 < A, where the second step follows from the substitution 

g{x) = ^f(^X 


\/2 V \/2 

and the last step follows from (3.2). Finally, letting (5 —> O"*" gives (3.9). □ 


Theorem 3.2. There is a 0 < L < oo sueh that 

lim t“^’^logP{—/3i > log/} = —L. 

t^OO 

Theorem 3.2 proves part of Theorem 1.3. 


Proof of Theorem 3.2. For any positive integers m and n, by Propo¬ 
sition 2.2, 

f3m+n = Pn + B{[n,n + m]) -hH([0,ra]; [n,n + m]) - EH([0,ra]; [n,n + m]) 
>Pn + B{[n,n + m]) - EH([0,n]; [n,n + m]), 
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and fSn and B[[n,n + m\) are independent. Hence 
]Eexp{—27r(m + re)/3i} 

= ]Eexp{-27r/3m-Hn} 

< exp{27r]EH([0, n]; [n, n + m])}Eexp{—27rH([n, n -|- m])}Eexp{—27r/3„} 
= exp{27rEH([0,n]; [n ,n + m])}Eexp{—27r/9m}Eexp{—27r/3„} 

= exp{27rEH([0,n]; [n,n + m])}Eexp{—27rm/3i}Eexp{—27rn/3i}. 

Using this and Proposition 2.3, 

(m + n)“^™'''“"'^Eexp{—27r(m -|- n)/3i} 

< (m“”^E exp{— 2'Kmj3i }) (n“”E exp{—27rn/3i}). 

If we write 


a(re) = log(re“"Eexp{—27rn/3i}), n = 1,2,..., 
then we have proved that for any positive integers m and n, 

a{n + m) < a{m) + a(n). 

Consequently, 

lim —a(n) = inf | — a{m)\. 
n—>oo 71 m>l [m j 

By Stirling’s formula, this is equivalent to 

lim — log((n!)“^Eexp{—27rn/3i}) = 1 + inf |—a(m)l. 
By Lemma 2.3 of [14], 

limsupt“^logE{exp{—27r/3i} >t} = — exp| —1 — inf |—ofm)!! 
t—>oo L m>l 771 J J 

where 

L = expj—1 — inf j— a(m) 11. 

f m>l [m J ) 


= -L, 


□ 


Remark 3.3. In fact, L <oo. This is established in Corollary 5.7. 


Lemma 3.4. For any positive numbers e and e' with e > e', any D C 
{(s,t);s<t} and integer m>l, 
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Furthermore, if D is a finite union of disjoint rectangles contained in {(s,i);s 

t}, 

n 

D = [J {Ik X Jk), 

k=l 


then 



m 


Xg) dsdt 


<E 


n 

J2A{Ik-,Jk) 

.k=l 


Proof. By the Fourier transform, 

Pe{Xt-Xg) = j^^J^^d^exp{-i(-{Xt-Xs)}exp!^-^\f,\‘^y 


Hence 


E 


c c 1 ^ 

J J^Pe{Xt - Xs)dsdt 

= [ dsidti- ■-dsmdtm f df,l---df,r 

(ivrj^™- Jd^ J(K2)m 


X E 


exp{-z4 • (Xt - A:s)}exp<^ 

k=i ^ ^ 

[ dsidti - ■ -dsmdtm [ df,i---di 


( 2 vr) 


X exp “I “ 2 


Y,ik-{Xt-Xg 

k=l 


exp' 




k=l 


which leads to the first half of the lemma. 

As for the second half of the lemma, by Theorem 4 on page 191 in [15], 

n -\rn 


E 


Y.A{Ik-,Jk) 

k=l 


< oo, m = 0,1 ,..., 


and 


D 


pfiXt-Xg)dsdt^Y.^^^k\Jk) (e^0+) 

k=l 


in L"*-norm for all integers m > 1. (In fact, Le Gall proved the above conver¬ 
gence with pe replaced by the uniform density on the disk of radius e. It can 
be seen from his argument that this remains true in our case.) Therefore, 
letting e' —> 0“*’ leads to the second half of the lemma. □ 
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4. The limsup result. In this section we establish Theorem 1.4. 


Lemma 4.1. There exist constants ci,C 2 sueh that for all X> 0 and all 
« £ (0) 1); 

P(a(l, a) > A) < Cl exp(—C 2 A/-v/a). 

Proof. Let m > 1 be an integer. We first prove there exist constants 
C 3 ,C 4 such that 

(4.1) E[a{l,ar]<C3cTa^/^ml. 

To establish this, write 

a(l,a) = hm / / p{e,0,Xy— Yu)dvdu, 

Jo 

where p{e,x,y) is the transition density of planar Brownian motion. As 
mentioned in the last paragraph of the proof of Lemma 3.4, the convergence 
takes place in for every p. By the semigroup property, 

p{e,0,Xy - Yu) =p{e,X^,Yu) = / p{st2,x,Xy)p{el2,x,Yu)dx 

JK2 


and so 


PL ra iTn 

/ / p{s,0,Xy-Yu)dvdu 

Jo Jo 

= [ dxi---dxjni TT [ p{e/2,Xk,Xy)dv] 

V)"* Vfe=Vo J 


/ p{£/2,Xk,Yu)du 




Using the independence of X and Y, the expectation is equal to 


r ^ r 1 

/ dxi---dxmE TT / p{e/2,Xk,Xy)dv 


E 


rus 

n / p{£/‘^,Xk,Yu)du 


fc=i‘ 


By the Cauchy-Schwarz inequality this is less than J 2 (e)^^^, where 
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By Brownian scaling, 
(4.2) 


lim J 2 (e) = lim Ji(e). 

£—>0 


To estimate Ji(e), we rewrite it as 

m 


dxi ■ ■ ■ dxm IE 


/ p{e/2,Xk,X^)dv 


k=l 


/o 


E 


m „i 

p{e/2,Xk,Yu)du 

k=l 


to 


and so by the argument above in reverse order, 


Ji(e)=E [ f p{£,Xy,Yu)dvdu 

Uo JO 


Therefore hme^o<^i(£) = E[a(l, 1)”^]. Lemma 2 of [16] together with (4.2) 
and an application of Fatou’s lemma completes the proof of (4.1). 

We then obtain 


Eexp 


/ a(l, a) \ _ / 1 

\2c4VaJ ~ 


m=0 


V2c4^ 


‘E[a(l,a)^ 


ml 


< C7, 


where cy does not depend on a. Finally, 

P(q;(1, a) > A) 

< exp(—A/(2c4-v/a))Eexp(a(l,a)/(2c4\/a)) < C7exp(—A/(2c4-v/a)), 
which is what we wanted. □ 

The key to the upper bound is to obtain an estimate of the following form. 
Proposition 4.2. there exists ci such that 


(4.3) 


P^sup/li > A^ < cie A > 0. 


Proof. By Proposition 2.2, 

Pt-Ps = B{[s,t]) + A{[0,s]][s,t])-EA{[0,s]][s,t]). 

Let 7 ' be the midpoint of ( 7 , 7 / 3 ) and let e > 0 be chosen so that 7'(1 — s) is 
the midpoint of (7,70- Note 

(4.4) F{Pt -Ps>X)< F(B([s,t]) > A/ 2 ) +P(Al([0,s]; [s,t]) > A/ 2 ). 

Since B{[s,t]) equals Pts in law, which equals {t — s)Pi in law, the hrst 
probability on the right is bounded by 


(4.5) 


C2exp 


VA 


2{t-s) 
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However, H([0, s]; [s, i]) is equal in law toa(s,t — s), which is smaller than 
a{l,t — s). So by Lemma 4.1 there exists C 3 not depending on s or t such 
that 

(4.6) p(^H([0,s];[s,t]) > ft }• 

Fix n = 2^. Since 

supEexp( 7 '/ 3 fe/„) = supEexp(( 7 'fc/n)/ 3 i) < C 4 , 

k<n k<n 

where C 4 does not depend on n, then 

f( supPk/n > (1 - e)A) < nsupP(/3fc/„ > (1 - e)A) 

(4.7) \k<n J k<n 

Now we use metric entropy. If t G (0,1), let tj be the largest multiple of 2~^ 
that is less than or equal to t. Write 

Pt Ptjsr 4 ” iPtjsr+l ~ PtM ) 4 " i.PtN+2 PtN+l ) 4 “ • • • . 

If /3t > A for some t < 1, either (a) for some k <n, we have > (1 — e)A 
or (b) for some j > N and some s <t with t — s = 2~^ and both s, t integer 
multiples of 2~^, we have 

(4.8) Pt-Ps>eX/{W0f). 

The probability of possibility (a) is bounded by (4.7). Using (4.5) and 
(4.6), the probability of possibility (b) is bounded by 

CXD 

(4.9) C 5 2^[exp(-e7'A2V(200j^)) + exp(-C3eA2^/^/(200j^))]. 

j=N 

The 2^ in front of the brackets comes about because there are 2^ pairs {s,t) 
to consider. It is not hard to see that the sum in (4.9) is bounded by 

C6[exp(-e7'A2^/(400iV2)) + exp(-C3eA2^/V(400A^2ft]_ 

If we choose N large enough so that 2'^e/(400N'^) > 1 and C 32 ^/^e /(400 x 
W 2 ) > 7 ', we then have that the probability of possibility (b) is bounded by 

2c7e"^'^ < 2c7e“^^. 

If we combine this with (4.7), we have (4.3). □ 

Using the Borel-Cantelli lemma it is now straightforward to get the fol¬ 
lowing theorem: 



18 


R. F. BASS AND X. CHEN 


Theorem 4.3. We have 

, Pt 1 

lim sup ——^-< — a.s. 

t^oo t log log i 7/3 

Proof. Let M > I/ 7 / 3 . Choose e > 0 small and q>l close to 1 so that 
M{-f0-2e)lq > 1. Let = g” and let Cn = {sup^<j^ (5s > Mt^-i loglogt„_i}. 
By Proposition 4.2 and scaling, the probability of Cn is bounded by 

Cl exp(-( 7/3 - e)Mt„_iloglogt„_i/t„). 

By our choices of e and q this is summable, so by the Borel-Cantelli lemma 
the probability that Cn happens infinitely often is zero. To complete the 
proof we point out that if j3t > Mtloglogt for some t G then the 

event Cn occurs. □ 

To finish the proof of Theorem 4.3 we prove the next theorem: 

Theorem 4.4. ITe have 

, A 1 

hm sup ——^-> — a.s. 

t^oo flog log t 7/3 

Jointly, Theorems 4.3 and 4.4 are a reformulation of Theorem 1.4. 

Proof of Theorem 4.4. Let 7 > 7/3 and let 7 ' be the midpoint of 
( 7 ^, 7 ). Then by Theorem 3.1, 

(4.10) P(/3i > aloglogn) > 026 “'’''“^°®*°®"', a > 0. 

Let (5 > 0 be small enough so that (1 + 5)^'/'^ < 1 and set tn = exp(n^'''‘^). 
By (2.5), 

An =^([ 0 Tn]) 

= B{[tn-l,tn]) + B([0,tn_i]) 

+ A{[0,tn-l]; [tn -1 , tn] ) - ([OTn- 1 ]; [A-1 Tn]) 

> B{[tn-l,tn]) + B{[0,tn-l]) “ E^([0,tn-l]; [tn-lTn])- 

By scaling, 

ET([0,tn-l]; [tn-lTn]) < Ea(tnTn) 

= tnEa(l,l) =o(tnloglogtn), U^OO. 

Since T > 0, we need only to prove 

(4.11) linisup^^fcAM>^ a.s. 

n^oo tnloglogtn 7/3 
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and 

(4.12) 


lim 

n^oo 


tn log login 


= 0 


a.s. 


Using (4.10) and scaling, it is straightforward to obtain 


OO , ^ V 

^pf 5([in-l,in]) > -in log login] = OO. 

n=l ^ 7 / 


Using the fact that different pieces of a Brownian path are independent and 
the Borel-Cantelli lemma, 


lim sup 

n^co 


B([in-l,in]) 

in log log in 


1 

> - 
7 


a.s. 


Letting 7 —> 7 ^ gives (4.11). 

Let e > 0. By (2.9) there exists C 4 > 0 such that 

(4.13) P{—/5i > eloglogre} < 046 “^*°®*°®"'. 


So (4.12) follows from Theorem 3.1, (4.13), scaling and the Borel-Cantelli 
lemma. 

□ 


Remark 4.5. Theorems 4.3 and 4.4 together imply Theorem 1.4. 

5. The lim inf result. Let us write Dt for —fSt- We know Eexp( 7 lli) < 
OO for every 7 > 0, but in fact we have the following proposition. 

Proposition 5.1. We have Eexp( 7 sups<i Ds) < 00 for every 7 > 0. 

Proof. Fix 7 > 0. Choose N a hxed integer so that 2'^/(1600A^^) > 2. 
If s < i < 1, we know E^([0, s]; [s,i]) < ci(i — s)L{t — s) < C 2 , where L{x) = 
1 + |log(l/x)|. Suppose A > C 3 , where C 3 is chosen so that C3/(400j^) > 
2ci2“-^L(2“'^) for each j > 0. Let sj = inf{A;/2'^ : s < kl2^}. If s G [0,1], we 
can write 

Ds = L*sjv + (-^sjv+i ~ Dsj^) + {Dsj^j^2 ~ -^sjv+i) + ■ ■ ■ • 

So if Us > A for some s G [0,1], then either (a) for some k <2^, we have 
D^/ 2 n > A/2 or (b) for some j > N and some s <t, both multiples of 2~^ 
with t — s = 2~^, 

A 

200p ■ 


Dt-Ds> 
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We have lP(I)fc/ 2 ^ > A/2) = F{Di > 2^\/{2k)) < P(Di > A/2) < 
since ]Eexp(47L)i) < oo. So the probability of possibility (a) is bounded by 

(5.1) C42^e”2'^^. 

By Proposition 2.2, 

Dt- Ds = -B([s,t]) + E^([0,s]; [s,t]) - ^([0,s]; [s,t]) 

< —B{[s, t]) + ci{t — s)L{t — s). 

Since A/(400j^) > 2ci(t — s)L{t — s), then for Dt — Dg to be larger than 
A/ {200j^), we must have —B{[t — s]) > A/ (AOOj^). Since —B{[s, t])/{t — s) is 
equal in law to Di, then 

F{-B{[t - s]) > A/(400j2)) < c5exp(-7A2^L(2^)/(800j2)). 

Since for each j there are 2^ pairs {s,t) to consider, the probability of (b) is 
bounded by 

OO 

^ C52^'exp(-7A2^L(2^')/(800j2)). 
j=N 

This is summable and can be bounded by 

ce exp(— 7 A 2 ^/(1600A^^)) 
for some cg. By our choice of N, this is less than 


(5.2) cge 

Combining (5.1) and (5.2), we have 


-27 A 


-27 A 


sup Ds> X] < eye 

S<1 / 

if A > C3. Our result follows immediately from this. □ 


Theorem 5.2. With probability 1, 

Dt 


1 

< — . 


limsup- , , , ^ „ 

t^oc t log log log t 27r 


Theorems 5.2 and 5.5 together are just a reformulation of Theorem 1.5. 


Proof of Theorem 5.2. Let 

K = [loglogt], R = t/K and Ij = [(j - l)R,jR]. 
Let 

Ej= sup {-B{[{j -l)R,t])). 
(j-^)R<t<jR 
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By Proposition 2.2, if s < t and {£ — 1)R < s < iR, then 


D,<Y,i-B{Ij)) + {-B{[{e-l)R,s])) 

j<e 

+ ^ EA{Ii-,Ij) + J2lKAi[ii-l)R,sy,Ij) 

i<j<i j<t. 

K 

j=i 

K K 

= J2^3 + J2^M[0,U 

j=l j=l 

By Proposition 2.3 and Remark 2.1, the last term on the last line is bounded 
by 

^ 1 

^ — [jRlogO-R) - (j - l)Rlog((j - 1)R) - RlogR], 
i=i 

which is easily seen to equal 

Et log log log t. 

27r 

Then for e > 0 and t large enough, we have 


P( supHs > (1 + 2e)Eiiogloglogt) 

\s<t / 


K 


— ^ I^E ^3 ^ log log tj 


K 


K 




Ej et log K\ „ / 









K 


using the independence of the Ej. Since Ei/R is equal in law to sup^<^ Dg, 
then by Proposition 5.1, the above is bounded by 




If we take t large enough, we have the bound 
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We apply this with with q> 1 close to 1 so that (l + 3e)/g > l + 2e. 

Since exp(—21oglogtn) = we have 

f( siipDs > (1 + 3e);^t„logloglogtn) < % 

\s<t„ 27r J 

for n large. If Dg > (l + 4e)^ slog log logs for some s G [tn-i,tn], then it fol¬ 
lows that sup^<^^ Dg > 4^^ log log login- By the Borel-Cantelli lemma, 
it follows that 

limsup———^-<—(l-|-4e) a.s. 

t^oc flog log log i 27r 

Since e is arbitrary, our result follows. □ 

We now turn to the lower bound. 


Lemma 5.3. The quantity 


P( sup - 
\xeB(0,3) ^ 
r<2 




tends to 0 as A —> oo. 


Proof. Let 

Ut{x,r)=J^ lB(^:^^r){^s)ds. 

By symmetry, the expectation of E*'C/i(x,r) is largest when y = x. We have 

= £ £^ ^^ ^ exp (^4^) ds, 

and a straightforward calculation shows this is bounded by cir^(l-|-log“''(l/r)), 
where ci can be chosen to be independent of x and r. Then by the Markov 
property, 

E[17i(x,r)-C/t(x,r)|.Ti] =E^‘17i_t(x,r) <cir2(l + log+(l/r)). 


By [1], Theorem 1.6.11, since Ut{x,r) has continuous paths and is nonde¬ 
creasing, there exists C 2 such that 

(5.3) Eexp(c2l7i(a;,r)/r^(l -|-log'''(l/r))) < 2. 

Set rfc = 2~^ and let Ak be the set of points in 5(0,4) such that each 
coordinate is an integer multiple of 2“^. The cardinality of Ak is less than 
c^2^^. By Chebyshev’s inequality. 


P 


sup —[/i(a;,rfc) > — ) < C 42 ^^exp 
Xk&Ak 4 :/ 


_ -csA 

rfc(l -hlog+(l/rfc)) 
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This is summable in k, so 

sup sup —Ui{x,rk)>^^ 

\k> — lxkGAk 4 / 

tends to 0 as A —> 0. If X G -6(0,3) and r <2, then B{x,r) C B{xk,rk) for 
some Xk G Ak and some k such that <rk. Our result now follows. 

□ 


Lemma 5.4. Suppose p is a measure supported in 6(0,2) such that for 
all r <2 and all x G we have p{B{x,r)) < cir. There exists C 2 such that 
for all X G 


Jp{s,x,y)p{dy)ds<ciC 2 , 


where p(s,x,y) = l/(27rs) exp(—|x — yp/(2s)) is the transition density of 
two-dimensional Brownian motion. 


Proof (cf. [2]). Substituting t = |x — yp/(2s) shows that 

f Pis,x,y)ds < C 3 (l + log+(l/|x -y|)). 

Jo 


We then use the Fubini theorem to write 


r*l P 

^ J P{s,x,y)p{dy)ds 


<C 4 ^ / (l + log+(l/|x-y|))/x(dy) 


< C5 £ (2 + fc)/r(6(x, 2-*^)) < C6C1 £ (2 + k)2-^ < 


C7C1, 


k=-l 


k=-l 


as required. □ 


Theorem 5.5. We have 

. -fJt 1 

limsup——^^ - >— a.s. 

t^oo flog log log t 27r 

Proof. Let K = [6 log log t] and R = t/K, where h is to be chosen later. 
Let Ij = [(j — 1)6,y6]. Let Qj = a{Xs : s < jR). 

By (2.5) we have 

K K K 

-Pt = E -Bik) - E [ 0 , U - 1 )^]) + E[ 0 , U - 1 )^]) 

j=l j=l j=l 

= Jl + J2 + Js- 
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Recall that A{Ij-, [0, (j — 1)-R]) is equal in law to a{R, {j — 1)-R). By Propo¬ 
sition 2.3 and Remark 2.1, 

1 

•^3 = Y.^\ 3 R^og{jR) - R\ogR- {j - l)R\og{{j - 1 )R)] 
j=i 

and it is straightforward to see that this is equal to ^tlogRT. 

Define the sets 

= {XjR e B{jVR, \/R/16)}, 

Dj2 = {X(/j-)C [(j-l)\^-(\^/8),jVR+(/R/8)] X [-VR/8,/R/8]}, 

for all X G B{jVR,3VR),0 <r < 2\/r|, 

Dj5 = {A{Ij-i;Ij) < K3R}, 

where ki, K2 and ^3 are constants to be chosen later and that do not depend 
on j, b, t and R. Let 

Cj = Dji n Dj2 n n n Dj^ 

and 

E=^C,. 

i=i 

We want to show 

(5.4) n^^,|a,-i)>ci 

on the set Ci n • • • n Cj_i, where ci > 0 does not depend on j,b,t and R. 
Once we have (5.4), then 

C m \ / m—1 \ /m—1 \ 

f]Cij =E\F{Cm\Gm-l); n >ClP(^n 

and, by induction, 

(5.5) > cf" = = exp(61oglogtlogci). 

On the set E we have 

K 

—Ji = ^ R(Ij) < kiKR = Kit. 
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Since for each j we are on the set Dj 2 , then on the event E we have X{Ii) 
disjoint from X{Ij) if |i — jj > 1. Therefore, 

K 

-J2 = ^ < k^KR = K^t. 

i=i 

So on E we have altogether that 

+ ^2 + ^3 > T^ilogloglogt - (ki + Ksjt. 

ZTT 

We now proceed to show (5.4). By the support theorem for planar Brow¬ 
nian motion and scaling (see [1], Theorem 1.6.6), 

P(T>ji n Dj2\Gj-i) > C2. 

By scaling, 

EB{Ij) = i?]EB([0,1]) < C 3 R. 

So if Ki is chosen large enough, 

> kiR) < C2/6. 

Now let us look at Dj^. By scaling and Lemma 5.3 it follows that P(Dj 4 ) < 
C2/6 if we choose K 2 large enough. 

Next we look at Dj^. We have an estimate on but what we 

actually need is an estimate on K[A{Ij-i] Ij)\Qj-i]. To show 

¥{A{Ij_i;Ij) > KsRlGj^i) < C2/6 

if K 3 is large enough, it is enough to show 

(5.6) E[A{Ij_i;Ij)\gj_i] < C 4 R 

on the set fjti Ci- By [3], we can let fj, be the measure on defined by 

fi{E) = ( 1 f (^ s ) ds 
JO 

and consider ^([0,1]; [1,2]) as an additive functional of Brownian motion 
that corresponds to the measure /r. So to show (5.6), by scaling and trans¬ 
lation invariance it is enough to show 

(5.7) E[^([0,1];[1,2])|.Fi]<C5 

on the set where fi{B{x,r)) < nir for all x G B{0,3) and all r G (0,2). The 
conditional expectation (5.7) is bounded by 


sup 
y Jo 


1 


s, y, z)y,{dz) ds, 
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where p{s,y,z) is the transition density for planar Brownian motion. Using 
Lemma 5.4 we have (5.7). 

Setting cq = C 2/2 gives the desired lower bound (5.4). 

Let tn = exp(n'>') for some 7 > 1 and let s > 0. Provided we take b (in the 
definition of K) small enough, the Borel-Cantelli lemma tells us that 

(5.8) - B{[tn-l,tn]) > (^■^-e^{tn-tn-l)logloglog{tn-tn-l) 

infinitely often with probability 1. By (2.5) we have 

qf = -B([ 0 ,t„_i]) - B{[tn-utn]) - A{[0,tn-l]; [tn-lAn]) 

^ ^ +E7l([0,t„_i];[t„_i,y). 

By the upper bound for —(5t, from Theorem 4.3, we know that 

(5.10) B([0,t„_i]) = 0(tn-ilogloglogt„_i) = o(t„logloglogt„) a.s. 

By scaling, 

(5.11) An = A{[0,tn-l]][tn-l,tn]) 

is equal in law to Ana{l,tn-i/A^n), where = tn — tn-i- By Lemma 4.1, 

which is summable. Using the Borel-Cantelli lemma, we have 

(5.12) = o(tn log log login) a.s. 

Substituting this, (5.8), (5.10) and (5.12) in (5.9) proves the theorem. □ 

Remark 5.6. Theorem 1.5 follows immediately from Theorems 5.4 and 

5.5. 

The following corollary completes the proof of Theorem 1.3. 

Corollary 5.7. Let L be as in the statement of Theorem 3.2. Then 
L < 00 . 

Proof. In the proof of Theorem 5.5 we showed that the event E had 
probability at least exp(61oglogi logci) and that on the event E we had 
—Pt > log log log i — C 2 t provided t was large enough. Choose t so that 
^ log log log i — C 2 = logs. Using scaling, we then have 

P(—/3i >logs) > exp(—C 3 loglogi) = exp(— 045 ^^). 

Now take logarithms of both sides and divide by □ 

Remark 5.8. Theorem 1.3 follows immediately from Theorem 3.2 and 
Corollary 5.7. 
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